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An Efficient Method for Evaluating the J(8,6,a,b) Integral

Richard N. Hwang

Applied Physies Division
Argonne National Laboratory
Argonne, Illinois 60439

ABSTRACT

This report describes a new technique for evaluating the
generalized form of the resonance integral which allows the
multilevel formalism. By taking advantage of the asymptotic
behavior of the Doppler-broadened line shape functions, the
technique of rational transformation is introduced. The
Gauss-Jacobi quadrature is used to evaluate the integral with
the transformed integrand. The detailed description of this
technique and its mathematical justifications are given.
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INTRODUCTION

The integral J [Bk’ek’ak ’bk] represents a generalized form of the
usual J-integral which arises: (1) when the effect of the interference
scattering cross section in the single-level formulation is included; or

(2) when the multilevel formalism is used. J(Bk,ek = ’bk] is defined as

Ca [ reend * he(tend
J[Bk’ek’ak’bk] T2 -yt 2a.k)(k + w[ek,xk] i e

where the parameters are defined according to how the cross sections are
formula’ced.l’2 Physically, it is equivalent to the resonance integral
of an "isolated" resonance excluding the effect of mutual self-shielding
due to the neighboring resonances when the NR-approximation is assumed.
In other words, it has precisely the same physical meaning of the usual
J-integral.

In the single-level formulation, bk is set to be zero. Parameters
By and a  can be defined slightly differently in the resolved and the
unresolved resonance regions to be consistent with the data in the

ENDF/B file. For the resolved resonance region, a and 8, are defined

as
I.nk 9pa
a = Sk g . Pa 5 2)
T o
k p
where






apa = potential scattering cross section of the absorber under
consideration (barns)
= €q
o zt/N or I /N (barns/atom).

For the unresolved energy region, parameters By and a, can be defined

as
a = 1/2 tan 25, (3)
and
By % 9, /[OOk cos 261) (or the equivalent op) . )
where
jl(R/k)
8, = lapotan j—— (5)
n, (R/x)
L
60 = R/* (6)
§; = R/x - arctan (R/x) (7)
62=R/Ja-arctan3R/—*, (8)
3 - (R/x)?

and jl and n, are the spherical Bessel and Neumann functions, respectively.

The resonance integral for the "isolated" resonance k is related to

J[Bk,ek,ak,o] by

a

ST

(RI), e I, ¢ J[ek,ek,ak,o] : (9)
0k
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where

c = 1 for resolved resonances

= 1/cos 26 . for unresolved resonances

In the multilevel formalism of the Adler-Adler form,(s’u) parameters
are defined as follows:

TR g (10)

w = %/ v

a = W2 Htk/Gtk] 12)

B = o, r,‘(s’/[uﬁngGtk + Eq) (13)

bk = ka/ka (a4)

where the multilevel parameters are defined in Ref. 3 and obtained from
ENDF/B by ETOE-2.
The corresponding resonance integral for an "isolated" resonance

excluding the mutual self-shielding effect is therefore

ol I.(s)
_ xk . 'k .
(RD), = —P—E 2 J[ek,ek,ak,bk). as)
0k tk

With parameters for various cases defined, the numerical technique
for evaluating J [Bk’ek »a ,bk) will be discussed. A direct numerical in-
tegration of Eq. (1) using any algorithm is highly undesirable due to the
asymmetric behavior of the y-function. The integration must be performed

on the positive as well as the negative planes of % where the integrand
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exhibits different behavior. However, this difficulty can be avoided and,
in fact, one may take full advantage of the symmetric and the asymmetric

properties of the y- and x-functions by redefining J [sk,ek ’3 ,bk} in the

following way:
J[B ,8 ,ak,b) = J[e ,0 ] + "” ax, E [zak}z“ _L’m.__
k’ 'k k k’ 'k . = (Bk 5 w)2n+l
-b [“‘ ax E [2ak]" it i (16)
k k = (B 2 w)?ﬂ

0

The two series in Eq. (16) must be uniformly convergent on physical
grounds. Since [Bk +2ax+ wJ has the physical meaning of the total
cross section which must be positive everywhere to be meaningful, it fol-
lows that B t v 2 2akx everywhere. It is interesting to note that the
two geometric series can be written in closed form, and J [Bk,ek,ak,bk]

becomes
J[Bk,ek,ak,ka = J[Bk,ek] + I[Bk,ek,ak] -b - M(ak,ek,ak] ; an
where the I- and M-integrals are defined as

x2 ¥

I[Bk,ek,a.k] = [2a.k]2 Jo [Bk s w]z . (zakx]z . oy ax, (18)

and
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=LA

o2
2 s oy
o [ Y7 - [P

(19)

otn) <+ (|

The advantage of Eq. (17) over Eq. (1) is quite obvious. Instead
of integrating over both the positive and the negative planes of X the
integration now is over the positive X, only. On the other hand, there
are two extra integrals to be evaluated. It should be noted that the
magnitudes of I(Bk,ek ,akJ and M[Bk,ek,a.k] are generally much smaller
than that of the corresponding J-integral. For instance, in the case of
the single-level formulation, a cursory check indicates that the magni-
tude of the I-integral is generally less than 15% of that of the corres-
ponding J-integral for most cases of practical interest. A similar situa-
tion is also expected for the case of the multilevel formulation based on
the limited data available on 235U, 239Pu, and 2“!Pu. Hence, less strict
error criteria are required for the I- and M-integrals.

An accurate and efficient algorithm using the Gauss-Jacobi quadra-

b is proposed to evaluate these integrals simultaneously. In this

ture
algorithm, the J-integral is evaluated accurately to the relative error
of less than 0.1% everywhere in the region of practical interest

(1075 < B; any 6. The same number of mesh-points are used for I- and
M-integrals so that the total number of calculations for the y- and x-
integrals are minimized. The M- and I-integrals obtained this way are
less accurate with the relative error of less than 1% which is believed
to be sufficient for the problems of practical interest. The detailed
description of this algorithm and its mathematical justification will be

described in the following sections.
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TECHNIQUE OF RATIONAL TRANSFORMATION

The proposed algorithm is directly based on the utilization of the
general characteristics of the Gauss quadrature and the analytical be-
havior of the y- and x-functions: In general, the efficiency of the
Gauss quadrature depends strongly on how the integrand behaves. It is
generally true that the integration is exact for a given number of mesh-
points N if the integrand is of the form Akxk where k < 2N - 1.
Clearly, the most favorable integrand forkthe Gauss-quadrature fomulas(S)
is the one which can be approximated by the polynomial E Akxk with k as

1

small as possible. As discussed previously, the integrand of the form

¥(x,0)
B + y(x,6)

does not meet this requirement since the y-function quickly approaches
its asymptotic series when x becomes large. As one shall see later, the

integrand of the form

x(8,%)
B + y(e,x)
is even worse since x(6,x) approaches its asymptotic series faster than
the corresponding y(6,x). One way of resolving this problem is to divide
the integrand into two parts whereby the integrand of the second integral
in the asymptotic region also exhibits the form of ] Akyk with the varia-
ble of integration y = 1/x as described by Ref. 6. kIn this report, a new

method of treating integrands of the forms
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n
[ J '
B+
2n
[ ] .
B+
and
2n
Al
B+ X B+
is proposed. For simplicity, let f(x) be the integrand under considera-
tion. Instead of integration over x, a transformation is made so that
=3 1
Stadnin 1= 1 du f(u)
) K| /MA-u Q-u)
(N-1)/2 fu,
L igqoy A () +R (20)

K ]2 i=2 1 - u?
1

where N, the total number of points over both the positive and the negative
domains of u, is taken to be an odd integer and the new variable u is
related to x by

2,2
RExe (21)

u? 5
1 + K2x2

and the choice of the parameter K will be discussed later.
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Equation (2) represents the Gauss-Jacobi quadrature with odd number
of mesh points where the related orthogonal polynomial is the Chebyshev

polynomial of first kind and

ui = cos _(u (22)
2N
= m (2N) .
RN = —_(ZN)' S2N-1 f CE)aws Qenbresdios (23)

The inclusion of the u, =0 point is a significant saving in computing
time since x(o,ek] = 0 and w[O,ek} are related to the complementary error
function which can be evaluated readily using the exceedingly efficient

(1) Thus, the. total number

rational approximation suggested by Hastings.
of entries to the y- and x-functions is (N - 1)/2. The quantity (N - 1)/2
will be referred to as the total number of points required for the inte-
gration of all three integrals.

The purposes of making the raticnal transformation are many-fold. The
most obvious purpose is to take advantage of the asymptotic properties of

the y- and yx-functions whereby

1lim 1 . = constant (24)
wl |1-u2 (B+y

and

constant . (25)

R sdanio x|
wl |1 -u? (g +y
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Hence, the asymptotic behavior of a/%" in the x damain can be elimi-
k

nated. Of even greater importance from a mathematical point of view

is that the transformation amounts to the analytic continuation of the

series kZO akxk in the x domain which does not converge in the limit of
large x.- The corresponding series [ ykuk is believed to converge much
more rapidly in the u domain (0 < uki 1). By choosing the parameter K
appropriately according to the analytical behavior of y- and y-function,
. k,o,o]

integral and 1% or better for the I- and M-integrals using the same num-

it was found that one may obtain an accuracy of 0.1% for the JtB ,0
ber of mesh points in the region of practical interest. The minimum num-
ber of mesh points required for the prescribed accuracy is obviously
dependent on the magnitudes of 8, 6, and a. For large 6, for instance,
all integrals of the form defined in Eq. (17) are practically exact for
a minimun of one point as ¢ and x become the natural line-shape functions.
At the other extreme, a comparatively large number of mesh points is
required when B and 6 are both small. It was found that a total of six
points is sufficient in all regions of practical interest.

The mathematical justification and the choice of the parameter will

be given in the next section.

MATHEMATICAL JUSTIFICATION AND CHOICE OF K

In spite of the favorable numerical results in the preliminary inves-
tigations, mathematical justifications of the proposed method are needed.

In order to illustrate the merits of the rational transformation, let

K = - SR T (26)
B +A
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where A and C are two arbitrary constants. If the y- and y-functions
assume the following forms

- . (27a)
1 + C2x2
and
~ A 3 (27b)
1+ C2x?
the integrands become
v/ (B + ¢) 1 (28)
1 - u?
and
72N
/(8 * y) e = constant - u> . (29)

1-u? (e+wﬂ

For the case of large 6, it is quite obvious that y- and x-functions will
approach the natural line shapes and the proposed method becomes the most
efficient. For the case of small 6, the y- and x-functions will approach
the natural line-shape functions only if x is large. The rapidity with
which the y- and x- functions approach their asymptotic forms depends
strongly on the magnitude of 6. Hence, the problem becomes the appro-

priate choice of K as a function of 6 and B8 so that

e (30)

Hy

n
e~

Q

-
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converges rapidly in the non-asymptotic region where the y- and x-functions
are significantly different from their corresponding natural line shapes.
To further illustrate the problems involved, it is useful to examine

some mathematical properties of y- and x-integrals first.

A. Some Analytical Behavior of y- and x-Functions

As mentioned previously, the merit of the proposed technique is rather

obvious for the cases where 6 is large. Hence, the cases with small 6 will

be emphasized. For small 6, it can be shown quite readily(u’s) that
®  _lel-(£2/92
p(0,x) = J e lel-Ce?/e )cos xE dg
0
-yl 2
2'/__933’ 2 BEdE(Y) o i (31)
2 2 dy
®  _|el-(g2/062
x(6,x) = J e lel-(e2/0 )sin xg dg
0
2
X OF(y) - /—;ezy &Yk semoac (32)
2
where
= E‘X > (33)
2
and F(y) is the Dawson integral defined as
R )
Fly) = e J et at . (34)

0
The Dawson integral determines how rapidly y- and x-integrals approach
their asymptotic forms of 1/x2 and 1/x respectively. dF(y)/dy is related

to F(y) in a simple way:



Ef : .

aAOEIoE-yx Bas — ofT wrady modter slIoRgmsEeNod e |
Jssgeitz aail fewdsn anlbrogerin theds modd

LTSy

gty of fwlsay Bt 3t baviowl ammqu oy umm m

i

faid effnmedak-y basl - 30 cshm (BOLY

=

{ e antitondd- g Lie -p 30 10 yorded L
v L {

/RS i eupiisasr besoqong st 30 Tiw ol .v{LaJDIW:u m

- Lhwrs S ieme At o Sozbs aid | sonell _segsl 2116 sqsﬂw g'm ﬁtﬂ

{54 8
Shdy ¢ likbey ertup meorle ol 80 71 (8 u.um wr

(c«

iv‘f" L b 3% 8o (Q‘A"\SJ)*'N‘,“[ = (Now ,“" -
: y 0 '

E . H e 0 © : g
L L, e ) DR ‘i’.in_—e.- thei"-. = :

[t h 25 v s _ N “p
(Sa\Enyalale -
B 3b i ) # "”9_11,,‘:!3:9’:'

i

¥ L NSE) irow ok Ve ySe = (W &
< : o

| os banileb Iswgetal noswed s i (W1 8
] LVOR 4 T
‘ CBED . A8 "9"1 Ve =
¢

foRarrae glegatni-y b i ylibege wod amm Imﬂ
| bafeley ar vhuvidh Jviay vageor ¥\L Das S0\t m



1-10A

14

R (35)

For small y, F(y) can be expressed as

© k, k. 2k+1
Fy) = 1) 2y v (36)
R=0RT 3 (2 L)
and rapidly approaches its asymptotic series(g)
Fy) = 24 J o3 (B-D 37
2y k=1 27y

for y > 1. On the other hand, dF(y)/dy approaches its asymptotic series

) . oL _§ Lr3...Ck-1) . u,q, (38)
p i 27k 2K+ 2

for y >> 1. It is obvious that Eq. (37) converges much more rapidly than
Eq. (38) for any given y.

For the y-integral, the Gaussian term is predominant when y is small,
and the dF/dy term becames more important when y > ~ 3.5 or larger depend-
ing on the magnitude of 6. For small y, the Gaussian term can be expressed

as a power series

w k_ 2k
N = o SH Y (39)
K1 k!

For the x-integral, the first term 6 - F(y) is always the predominant term
as long as 6 < 1. By comparing the ratios of (k + 1)-th and k-th terms in
Egs. (36), (37), (38), and (39), it is seen that the x-function can be

represented by a power series of y which converges approximately at the
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same rate as the corresponding series of y-functions for small y and
approaches the more rapidly converging asymptotic series when y becomes
large. Hence, the region of convergence in the u-domain after the trans-
formation is expected to be approximately the same for both y- and x-

functions. It is, therefore, reasonable to expect that

2 = :
—X = 7 oy
(B + ¥) izo *

will converge reasonably rapidly as long as the corresponding

converges rapidly. This provides the basis for evaluating J-, M-, and
I-integrals simultaneously using the same number of mesh points. One way
of optimizing the quadrature formula defined in Eq. (20) is to choose an
appropriate K so that the J-integral can be evaluated accurately; where-
as the M- and I-integrals obtained using the identical mesh points will
be less accurate depending on the magnitude of a, as implied by Eq. (16).
There is yet another useful analytical behavior of y- and x-functions.

The optimization of Eq. (16) can also be pictured as a way to minimize
the deviation of y- and x-functions from the Lorentzian forms defined by
Eqs. (27a) and (27b). In reality, with the exception of two extremes at
small or large values of y, the deviation is generally large at inter-
mediate values of y especially when 6 becomes small. One way of mini-
mizing the deviation of the y-function from Eq. 27a is to impose the

condition
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= 2
I [—A———wJ dx = 0 (40)

or

e 2 2
‘;‘— LA Z 2t ) 18 [1 + lJ A+ y(0,/208) = 0 (1)
2

c

on the parameters A and C. Under this condition, Eq. (27a) is a good

approximation in the least-square sense. It is interesting to note that

the same relation is also true for the y-function. It has been shmm(e)
that
szdx=[x2¢<. (42)
0 ‘0
By using Parseval's theorem for the Fourier tnansfonns,(m) it can be
shown quite readily that
J—L-xdx=J—A—-—¢dx (43)
g 1+ c?x? o 1+ c2x?
and
= Ax 2 = A 2
J S-S L W & . (1)
0 1 +ic2y? 0 1+ o2x2

Hence, the condition

2 2
j i S
o (1 + c2x?

(45)

n
o
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will also yield the same relation given by Eq. (41). Hence, the devia-
tions of Y- and y-functions from the corresponding Lorentzian shapes are

identical in the least-square sense.

B. Choice of Parameter K

The parameter K will be chosen to satisfy the error criteria of
le|] < 0.1 for J and |e| < 1% for M- and I-integrals. Since the behavior

of the integrand f and its derivatives f(2n)

depend on the magnitudes of
B and 6, it is, therefore, useful to divide the region of practical
interest into three regions:
I. Fast Reactor Region [B/¢(0,6) > 0.2; 6 < 1]

II. Lorentzian Region (8 > 0.5 excluding Region I)

ITI. Intermediate Region (region excluding Regions I and II).

Figure 1 illustrates graphically the boundaries of these regions as
a function of j and 6 where 8 = 2j x 10~5. The choice of K in these three

regions will be discussed as follows.

I. Fast Reactor Region [B/y(0,6) > 0.2, 6 < 1]

This region is extremely important for fast reactor calculations
since approximately 80% or more of the resonances under consideration
belong to this region. Two special characteristics of the integrands in
this region are: (1) the shapes of the integrands are generally not too
different from the corresponding ¢ or x? in the numerators; and (2) the
integrands can always be expressed in terms of the rapidly convergent
series in u. By utilizing these characteristics one may choose K using

either one of the following arguments:
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(1) On the Basis of Least-Squared Fitting - K can be chosen to sat-

isfy Eq. (41). It is most convenient to set A = y(0,8) and to solve for
C from Eq. (41). By comparing the variations of the function of the Gauss
form to that of the Lorentzian form, it is obvious that C must be less
than 6/2 in order to satisfy Eq. (41). For C < 6/2, the second term in

the transcendental equation becomes

=
2 2
/;e(e /4)(1+1/c) Erfc[-;- [1 b :_l—_ . (46)
Lz c (8/2)(1 + 1/c)

Hence, the solution is approximately

L - {11 - 4(0,0)19(0,8) - [y(0,/Z 8)/4]

+ ‘\/{[1 - ¥(0,0)1y(0,68) - [y(0,v2 8)/41}2 - [y2(0,0)¥(0,v2 6)/4] ( [¥2(0,/2
(47)

where y(0,6) and ¢(0,/2 8) can be evaluated most efficiently by using

¢ 7 5 v 7
Hasting's rational approxnmatlon.( )

(2) On the Basis of Analytic Continuation - The use of the analytic

continuation argument yields a much simpler expression for K and is recom-
mended over Eq. (47). Since the integrand of the form y/(8 + ¥) can always

be expanded into a uniformly convergent series
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Yoo _¥x,0)  , v(x,8)[9(0,8) - y(x,6)]
B+y 8 + y(0,6) [8 + v(0,6)]
+ L(x,e)['ll(o,e) ! W(X)e)lz ® v % (48)

[g + y(0,0)]13

In the nonasymptotic region where y(x,8) can be approximated by the Gauss-

form, Eq. (48) becames

W(x,e) a W(O,e) (_l)n A yzn
B+ Y(x,6) 8 + ¢(0,8) n=0 y
v el B RV 9 (49)
g + ¢(0,8) n=1 i
where,
A=
Ay = 1~ 1 &
g + y(0,0)
2
AZ = l l =} _3——- ZW(O,G) o {—-———l ] s etc.
2 g + y(0,x) B + ¥(0,x)
and
- - 2
ARG N T el W
Vi As1 D A
(50)
C;Ii - - D! (the binomial coefficient).

(v = )I(x - 1!
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It was found that the convergence of Eq. (49) is relatively insen-
sitive to the value of K as long as 6/6 < K < 6/2. From numerical
experimentation, it was found that
K = /5 (51)

will yield the most accurate results in J-integral. A similar argument
is also applicable to the M- and I-integrals. Equation (51) is much
simpler than Eq. (47) and is therefore recommended.

It is interesting to note that K is independent of g in this region.
It follows that the y- and x-functions used in the integrals of a given B
can be stored and used again for integrals with different g as long as 6
is the same. This is particularly suitable for calculations of critical
assemblies where the plates of the heavy isotopes may have different
thickness and surroundings but the temperature stays the same.

It was found that five points or less are necessary to give the pres-

cribed accuracy in this region.
II. Lorentzian Region (6 > 0.5 Excluding Region I)

In this region, the y- and x- function will approach their asymptotic
form rapidly, and the quantity ¢/(8 + y) approaches 1/(g + 1 + gx?)
rapidly. Hence, K can be taken to be close to vg/(8 + 1). In this

region, the accuracy of the integration is generally not sensitive to the

values of K as long as 0.3/8/(8 + 1) < K < vg/(g + 1). It was found
K »~ v28/(8 + 1) (52)

will generally give good results for J-, M-, and I-integrals.
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As in the case of Region I, the proposed method is also exceedingly
efficient in this region. Less than five points are required to give
the prescribed accuracy.

III. Intermediate Region (Region Excluding Regions I and II)
Among the three regions, the proposed method is relatively least
efficient in this one. It is the region where both g and 6 are small.
It is also the region of least importance in fast reactor applications.
For J-integral, the integrand ¢/(g + y) exhibits a step function

behavior with a sharp drop near
x = % wnl2 + (/a72 0)/8] ,

where y/(B + y) is approximately equal to half of the value at x = 0.
This is quite obvious if ¢ is replaced by the Gauss form. The point of
inflection for ¢/(B + y) is also close to this half-way point. Since the
point of inflection is still small compared to x = 7/8 where y(x,6)
approaches l/xz,(ll) it is rather difficult to chose a K that will repro-
duce the same step function-like behavior for quantity (1 - u?).

One way of choosing K in this region is to use a reference point x;,
which represents the breaking point of the power series-and the asymptotic
series representations of y/(8 + y). The exact value of x; is extremely
difficult to obtain. From Ref. 1 it is clear that x; must be approxi-
mately equal to the breaking point suggested by Nicholson and &*asseschi.(S)

Hence, x; will be taken to be
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%
x1 = 2[1.8971 + n[1 + 0.85 Z28)| | (53)
6 28
for values of x; > v(B + 1)/8 and
%
x1 = |2{% [1.8971 + snf1 + 0.85 - FE]| 4 1+ 8 ,»  (54)
2 )2 28 B
for x; in Eq. (53) < /(g + 1)/8 .
Define
K2x2
uf = A (55)
1'% Kt
so that
2
u
K2k = Lavada o (56)
1=t xf

By numerical experimentation, it was found that, by setting u; ~ 0.77
or 1/K = 0.8292 x;, good results in J-, M-, and I-integrals can be
obtained for the case where Eq. (53) is valid. Better results can be

obtained by letting
1/K = 0.8292%x; - p , (57)

where

4 0.018( - 0.00128) , 0.088 (58)
B + 0.00128 ¥(0,8)

p = 1
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For the case where Eq. (54) is applicable, good results can be obtained by

letting u? = 0.5 or

/K = Xy . (59)

When B becames extremely small, the integrands are not sensitive to the
Gaussian-like behavior of y-function and Eq. (59) will approach the same
limit defined previously for the Lorentzian region.

To give the prescribed accuracy of |e| < 0.1% for the J-integral and
|e| < 1% for M- and I-integral, a total of six points is required in this
region. It should be noted that Region III is generally very small for
problems of practical interest. The cases with extremely small g are
those for low-energy resonances with large neutron width. The combination
of low resocnance energy and large neutron width implies that 6 must be rea-
sonably large. It is extrmemely rare that a resonance will fall into the

region 8 < 10~3 and 6 < 0.1.

C. Further Economization

Under the condition that 8, is large compared to “‘[O’ek]’
J (Bk’ek’ak ’bk] can be evaluated analytically without going through the
integration routine. In fast reactor applications there are signi-
ficantly large numbers of resonances that satisfy this condition. It is
undoubtedly a significant saving on the computing time to include the
analytical expressions in the proposed algorithm.

The integral J[Bk,ek »a, ,bk] can be expressed in terms of a uniformly

convergent series
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ax,

=
J{Sk,ek’a'kabk] R 2 ™ ak+w(o,ek]

{J-’ e R

| s 2ot ]o) - oot - 2]

[ (o]

: /2 {1 ] E'[O,ek] & %W(O,/f ekﬂ - akbkw[o,lz' °k]
] b o]

“"'}, (60)

where identities given by Eq. (43) were used. It was found that, for

g, + y¢(0,6
_k_.(.J.].>15

P

an accuracy of |e| < 0.1% can be obtained by keeping only the first two

3

significant terms in Eq. (60). Thus,
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I(Br8,50,0) i T i ej (61)
. Ek + w[o,ekﬂ B+ ¥(0:8,]
M[Bk,ek,ak) a w (62)
e voud]
I[Bk’ek’a'k] ~ 0 (63)

CONCLUSION

The new algorithm using the technique of the rational transformation
and the Gauss-Jacobi quadrature is believed to provide an accurate, eco-
nomical, and flexible tool for evaluting the J [Bk’ek’ak ’bk} integral.
This algorithm is particularly efficient in Region I where most of the
practical problems in fast reactor applications belong and Region II
where 6 is relatively large. It was found that an accuracy of |e| < 0.1%
for the J-integral and |e| < 1.0% for the M- and I-integrals can be
obtained by using five mesh points or less (total entries of QUICKW
mutine).(lZ) For Region III, which is less important in fast reactor
applications, six mesh points are required to give the prescribed accu-
racies. If one relaxes the accuracy of J-integral to |e| < 0.5% for this
region, five mesh points are sufficient. For MC2-2, six points for all
regions are recommended to avoid any inconvenience in the programming.

FORTRAN listings are included in Appendix A.
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Since the integrand of the overlap integral in the resolved region

exhibits a behavior similar to those for the J-, M-, and I-integrals,

studies are under way to examine whether the same technique can be

extended to the overlap integral.

10.

12.
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A-1

APPENDIX A °*
FORTRAN Listing

___SUBRUUTINE FJ e W o TR b e

T IMPLICIT REAL¥G (A=Hab=Z)

COMMUN /QFJ1/ZETA,TUT2,BETA
CUMMUN/TKTI/TK(OZIOZ)JTI(02162))AIMN}AX:REWJMHYIKI
CUMMON/R/ EERFCs ARG

COMMUN/F/AKT 2 DENIRAT»C»AAALTESTL

DIMENSION 2LP(8) :

DIMENSIUN RAT(lU)JﬂK'(‘U))OEN(lO)

DATA ZLP/ 02393156662, ,4647231720s,60631226582,.02298386502
'y . X:9350162426,,9927088740/ !

K1=1

WHYS e D% LETA

ARG=WHY , I e L AR e 0, 5

CALL RATNL
PSIZ=,BB02269%ZETA%EERFC
H=RETA+PSIZ
TEST1=H/PSIZ
IF(TEST1.GE.15,)G0 TO 100
AINTZ=,5/TEST1 L ) S I S ML IO PR S SN 4. G
IF(ZETALGT,1,)GU TO 10
IF(BETA,GE,,018)GU TO 2
IF(ZETALGE,,5)GU _TU 10 o M N B e
BUVPSI=BETA/PSIZ
IF(BOVPSI,GE«.2)G0 TO 2
BB=4,%(1,8971+0L0OG(L,+ 7532929*ZETA/BETA))/ZkTA**Z
TEST2=8B*3ETA
IF(TEST2.6T.,03)GU TO 4 3
10 C=,7071%0SQRT((L+RETA)/BETA) o Mo’ = A A T . RS
GO TO 3
2 C=5,/LETA
GU TU 3 DB DY ook JOEE s Al WL BN
4 IF(TEST2,LT. 150G -T0 R
FAC=l,+,. 018¥(B&TA- 00128)/(BETA+, 00126)+,08%BEVPSI
C=,8292%0SQRT ¢ BB)XFAC ¢ 00 Lo L _ =
G0 TO 3
5 | C=.7071*DSQRT(BB+(1.+nETA)/BETA)
3 TLT2=0, ST LN | | S e T T BT T, x
DO 1 I=1ls6 g
. AX=WHY*ZLP (I )%C/DSQRT(14=ZLP(I)%*%2)
CALL QUICKW s el TP les & =t
PSI-.6962269*LETA*PtN
AKI(I)=,8862269%ZETA*ATMW
_ DEN(I)=BETA+PSI e e S e s LD Ly
RAT(I)= PSI/UEN(1)/(1"ZLP(I)**2)
1 TOT2=TOT2+RAT(I)
TOTeRlOTA*ALNTZ o . o . e cIA gt re . S T
TUT2=TUT2%C%,2416609733
RETURN
__100 ARG=,707106781%ZETA on mem oo MO D
CALL RATNL
PSIZZ-.bebS?ObBb*ZETA*:ERFC
O I 1.5191303£¢&1*LL. GESLZePSTZ20 R W o tn - o e S
RETURN
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 SUBROUTINE RATNL o

IMPLICIT REAL*3(A=~H,0=2)
COMMUN/R/ EERFCs ARG

T=1le/(Lle+,4TO4T*ARG)

EERFC=,3480242%Tm,0958798%T#%2+, T478556%T#%3
RETURN
END

A-2

SUBRUUTINE FI

IMPLICIT REAL%8 (A=H»U=Z)
CUMMON /QFJL1/ZETA,TUTZ2,BETA

COMMON/TRTI/TR(02,62)2TI1(62,62) ) AIMNIAXpREW)WHY )KL

CUMMUN/F/ZAKI»DENSRATSCsAAA»TESTL
DIMENSIUN RAT(10),AKI(10),DEN(10)
SLECTBES L s GE L 1og)\60 TOT00r e, T e [ G
ASQ=AAA%%*2 g
TUT2=0,0 :
DO 1 I=1s06 e ey G R Sl | SR ) SR
AKISQ=AKI (1)*%2%ASC .
1° TUT2=TOT2+(AKISQ/(DEN(I)*%2=-AKISQ))*RAT(I)
TEMFZ 8 T O 2RGCH 24066097380 (i ABE TN 8. o5 0 e p
RETURN
0 TOT2=0,
RETURN pal v LI R e L e 1 T S R S
END
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